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Problem and Notation

Predicted Individual Treatment Effects (PITEs)

τ(Xi ) = f1(Xi )− f0(Xi )

Xi : true covariates

Y : Outcomes

t = 0, 1: arms

ft(x): Predictions under arms

[Lamont et al., 2016]

Missing covariates

PITE depends on the covariate information available for each patient.
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Imputation

Under an appropriate imputation model [Rubin, 1987]

MI is specifically designed to propagate missing-data uncertainty.

Imputation’s vulnerability [Sterne et al., 2009]

Based on assumptions that do not hold.

Imputation model can be misspecified

Key point

How can we estimate trustworthy, robust PITE ?
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PITE depends on the covariate information available for
each patient.
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The missing value changes the recommended treatment.

-The same patient receives different treatment recommendations
depending on the imputed value. - The problem is not only uncertainty in
the PITE estimate—it is uncertainty in the treatment decision. - Instead
of reconstructing the missing value, let the tree learn from missingness
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Imputation Error and PITE

True PITE:
τ(Xi ) = f1(Xi )− f0(Xi ).

Imputed covariates:
X̃i = Xi +∆i ,

where ∆i denotes the imputation error.

The imputed PITE satisfies the first-order approximation

τ(X̃i ) ≈ τ(Xi ) + ∇τ(Xi )
⊤∆i ;

Bias: systematic imputation error

The local gradient of the PITE surface is ∇τ(Xi ) = ∇f1(Xi )−∇f0(Xi )
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Imputation Error: Bias and Variance

Let ∆i = X̃i − Xi .

Bias: systematic imputation error

Γi = E
[
∇τ(Xi )

⊤∆i

]
Depends on the mean and direction of the imputation error.

Variance: imputation uncertainty

Bi = ∇τ(Xi )
⊤ Var(∆i )∇τ(Xi )

Depends on the dispersion and covariance of the imputation error.

Both effects are governed by the local PITE gradient ∇τ(Xi ).

Imputation uncertainty is amplified by local treatment-effect
heterogeneity.
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Learning with missingness

Innovation: Free-Missingness Approach

Do not reconstruct the missing value first. Let the learner decide how
missingness should affect the prediction.

Treat missingness as informative features

Bypass explicit imputation

Avoid injected noise, bias, or inflated uncertainty
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Missingness-Incorporating Splitting in BART

Rule 1

Missing → Left

Xj

Left Right

missing or
Xj < c Xj ≥ c

Rule 2

Missing → Right

Xj

Left Right

Xj < c
missing or
Xj ≥ c

Rule 3

Missingness indicator

Rj = I(Xj missing)

Observed Missing

Rj = 0 Rj = 1

Error Reduction?
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Application

21 of 32 covariates contain missing information (65.6%)

Patients by treatment group:nt ≈ 240, t = 1, . . . 4
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Results

Computational burden: for m = 10 the imputation time is approximately:

MICE: 5.60 min

missForest: 5.51 min

VIM: 1.27 min

JOMO: 15.14 hours
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Conclusions

Learning missingness yields lower or equivalent risk than imputation

Free-missingness is a robust, efficient, and conceptually simple
alternative for PITE

Free-of-imputation BART preserves information

Tighter uncertainty, computationally efficient

Robust across heterogeneous clinical settings (MAR)
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